
C H A P T E R 2

Basic Concepts in Linear Algebra

In this chapter we present some fundamental concepts concerning vector
spaces and matrix algebra. The purpose of the chapter is to familiarize the
reader with these concepts, since they are essential to the understanding of
some of the remaining chapters. For this reason, most of the theorems in this
chapter will be stated without proofs. There are several excellent books on

Žlinear algebra that can be used for a more detailed study of this subject see
.the bibliography at the end of this chapter .

In statistics, matrix algebra is used quite extensively, especially in linear
Ž .models and multivariate analysis. The books by Basilevsky 1983 , Graybill

Ž . Ž . Ž .1983 , Magnus and Neudecker 1988 , and Searle 1982 include many
applications of matrices in these areas.

In this chapter, as well as in the remainder of the book, elements of the
set of real numbers, R, are sometimes referred to as scalars. The Cartesian
product �n R is denoted by Rn, which is also known as the n-dimensionalis1
Euclidean space. Unless otherwise stated, all matrix elements are considered
to be real numbers.

2.1. VECTOR SPACES AND SUBSPACES

A vector space over R is a set V of elements called vectors together with two
operations, addition and scalar multiplication, that satisfy the following
conditions:

1. uqv is an element of V for all u, v in V.
2. If � is a scalar and ugV, then � ugV.
3. uqvsvqu for all u, v in V.

Ž . Ž .4. uq vqw s uqv qw for all u, v, w in V.
5. There exists an element 0gV such that 0qusu for all u in V. This

element is called the zero vector.
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6. For each ugV there exists a vgV such that uqvs0.
Ž .7. � uqv s� uq� v for any scalar � and any u and v in V.

Ž .8. �q� us� uq� u for any scalars � and � and any u in V.
Ž . Ž .9. � � u s �� u for any scalars � and � and any u in V.

10. 1usu for any ugV.

EXAMPLE 2.1.1. A familiar example of a vector space is the n-dimen-
sional Euclidean space Rn. Here, addition and multiplication are defined as

Ž . Ž . nfollows: If u , u , . . . , u and ® , ® , . . . , ® are two elements in R , then1 2 n 1 2 n
Ž .their sum is defined as u q® , u q® , . . . , u q® . If � is a scalar, then1 1 2 2 n n

Ž . Ž .� u , u , . . . , u s � u , � u , . . . , � u .1 2 n 1 2 n

EXAMPLE 2.1.2. Let V be the set of all polynomials in x of degree less
than or equal to k. Then V is a vector space. Any element in V can be
expressed as Ýk a x i, where the a ’s are scalars.is0 i i

EXAMPLE 2.1.3. Let V be the set of all functions defined on the closed
w x Ž . Ž .interval y1, 1 . Then V is a vector space. It can be seen that f x qg x and

Ž . Ž . Ž .� f x belong to V, where f x and g x are elements in V and � is any
scalar.

w xEXAMPLE 2.1.4. The set V of all nonnegative functions defined on y1, 1
Ž .is not a vector space, since if f x gV and � is a negative scalar, then

Ž .� f x �V.

Ž .EXAMPLE 2.1.5. Let V be the set of all points x, y on a straight line
given by the equation 2 xyyq1s0. Then V is not a vector space. This is

Ž . Ž . Ž .because if x , y and x , y belong to V, then x qx , y qy �V, since1 1 2 2 1 2 1 2
Ž . Ž .2 x qx y y qy q1sy1�0. Alternatively, we can state that V is not1 2 1 2

Ž .a vector space because the zero element 0, 0 does not belong to V. This
violates condition 5 for a vector space.

A subset W of a vector space V is said to form a vector subspace if W
itself is a vector space. Equivalently, W is a subspace if whenever u, vgW
and � is a scalar, then uqvgW and � ugW. For example, the set W of all

w xcontinuous functions defined on y1, 1 is a vector subspace of V in Example
2.1.3. Also, the set of all points on the straight line yy2 xs0 is a vector
subspace of R2. However, the points on any straight line in R2 not going

Ž .through the origin 0, 0 do not form a vector subspace, as was seen in
Example 2.1.5.

Definition 2.1.1. Let V be a vector space, and u , u , . . . , u be a collec-1 2 n
tion of n elements in V. These elements are said to be linearly dependent if
there exist n scalars � , � , . . . , � , not all equal to zero, such that Ýn � u1 2 n is1 i i
s0. If, however, Ýn � u s0 is true only when all the � ’s are zero, thenis1 i i i
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u , u , . . . , u are linearly independent. It should be noted that if u , u , . . . , u1 2 n 1 2 n
are linearly independent, then none of them can be zero. If, for example,
u s0, then � u q0u q ���q0u s0 for any ��0, which implies that the1 1 2 n
u ’s are linearly dependent, a contradiction. �i

From the preceding definition we can say that a collection of n elements
in a vector space are linearly dependent if at least one element in this
collection can be expressed as a linear combination of the remaining ny1
elements. If no element, however, can be expressed in this fashion, then the

3 Ž . Ž .n elements are linearly independent. For example, in R , 1, 2,y2 , y1, 0, 3 ,
Ž . Ž . Ž .and 1, 4,y 1 are linearly dependent, since 2 1, 2,y 2 q y1, 0, 3 y

Ž . Ž . Ž .1, 4,y1 s0. On the other hand, it can be verified that 1, 1, 0 , 1, 0, 2 , and
Ž .0, 1, 3 are linearly independent.

Definition 2.1.2. Let u , u , . . . , u be n elements in a vector space V.1 2 n
The collection of all linear combinations of the form Ýn � u , where the � ’sis1 i i i
are scalars, is called a linear span of u , u , . . . , u and is denoted by1 2 n
Ž .L u , u , . . . , u . �1 2 n

Ž .It is easy to see from the preceding definition that L u , u , . . . , u is a1 2 n
vector subspace of V. This vector subspace is said to be spanned by
u , u , . . . , u .1 2 n

Definition 2.1.3. Let V be a vector space. If there exist linearly indepen-
Ž .dent elements u , u , . . . , u in V such that VsL u , u , . . . , u , then1 2 n 1 2 n

u , u , . . . , u are said to form a basis for V. The number n of elements in1 2 n
this basis is called the dimension of the vector space and is denoted by dim V.

�

Note that a basis for a vector space is not unique. However, its dimension
Ž . Ž . Ž .is unique. For example, the three vectors 1, 0, 0 , 0, 1, 0 , and 0, 0, 1 form a

3 3 Ž . Ž . Ž .basis for R . Another basis for R consists of 1, 1, 0 , 1, 0, 1 , and 0, 1, 1 .
If u , u , . . . , u form a basis for V and if u is a given element in V, then1 2 n

there exists a unique set of scalars, � , � , . . . , � , such that usÝn � u . To1 2 n is1 i i
show this, suppose that there exists another set of scalars, � , � , . . . , � ,1 2 n

n n Ž .such that usÝ � u. Then Ý � y� u s0, which implies that � s�is1 i is1 i i i i i
for all i, since the u ’s are linearly independent.i

Let us now check the dimensions of the vector spaces for some of the
examples described earlier. For Example 2.1.1, dim Vsn. In Example 2.1.2,
� 2 k41, x, x , . . . , x is a basis for V; hence dim Vskq1. As for Example 2.1.3,
dim V is infinite, since there is no finite set of functions that can span V.

n ŽDefinition 2.1.4. Let u and v be two vectors in R . The dot product also
.called scalar product or inner product of u and v is a scalar denoted by u �v

and is given by

n

u �vs u ® ,Ý i i
is1
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Žwhere u and ® are the ith components of u and v, respectively isi i
. Ž .1r2 Ž n 2 .1r21, 2, . . . , n . In particular, if usv, then u �u s Ý u is called theis1 i

Ž . � �Euclidean norm or length of u and is denoted by u . The dot product of2
� � � �u and v is also equal to u v cos � , where � is the angle between u and v.2 2

�

Definition 2.1.5. Two vectors u and v in Rn are said to be orthogonal if
their dot product is zero. �

Definition 2.1.6. Let U be a vector subspace of Rn. The vectors
e , e , . . . , e form an orthonormal basis for U if they satisfy the following1 2 m
properties:

1. e , e , . . . , e form a basis for U.1 2 m

Ž .2. e �e s0 for all i� j i, js1, 2, . . . , m .i j

� �3. e s1 for is1, 2, . . . , m.2i

Any collection of vectors satisfying just properties 2 and 3 are said to be
orthonormal. �

Theorem 2.1.1. Let u , u , . . . , u be a basis for a vector subspace U of1 2 m
Rn. Then there exists an orthonormal basis, e , e , . . . , e , for U, given by1 2 m

v1
e s , where v su ,1 1 1� �v 21

v v �u2 1 2
e s , where v su y v ,2 2 2 12� �v � �v22 21

...
my1v v �um i m

e s , where v su y v .Ým m m i2� �v � �v2m 2is1 i

Ž .Proof. See Graybill 1983, Theorem 2.6.5 . �

The procedure of constructing an orthonormal basis from any given basis
as described in Theorem 2.1.1 is known as the Gram-Schmidt orthonormal-
ization procedure.

Theorem 2.1.2. Let u and v be two vectors in Rn. Then:

� � � � � �1. u �v F u v .2 2

� � � � � �2. uqv F u q v .2 2 2

Ž .Proof. See Marcus and Minc 1988, Theorem 3.4 . �



LINEAR TRANSFORMATIONS 25

The inequality in part 1 of Theorem 2.1.2 is known as the Cauchy�Schwarz
inequality. The one in part 2 is called the triangle inequality.

Definition 2.1.7. Let U be a vector subspace of Rn. The orthogonal
complement of U, denoted by U H, is the vector subspace of Rn which
consists of all vectors v such that u �vs0 for all u in U. �

Definition 2.1.8. Let U , U , . . . , U be vector subspaces of the vector1 2 n
space U. The direct sum of these vector subspaces, denoted by [n U ,iis1
consists of all vectors u that can be uniquely expressed as usÝn u , whereis1 i
u gU , is1, 2, . . . , n. �i i

Theorem 2.1.3. Let U , U , . . . , U be vector subspaces of the vector space1 2 n
U. Then:

1. [n U is a vector subspace of U.iis1

2. If Us[n U , then � n U consists of just the zero element 0 of U.i is1 iis1

3. dim[n U sÝn dim U .i is1 iis1

Proof. The proof is left as an exercise. �

Theorem 2.1.4. Let U be a vector subspace of Rn. Then RnsU[U H .

Ž .Proof. See Marcus and Minc 1988, Theorem 3.3 . �

From Theorem 2.1.4 we conclude that any vgRn can be uniquely written
as vsv qv , where v gU and v gU H . In this case, v and v are called1 2 1 2 1 2
the projections of v on U and U H , respectively.

2.2. LINEAR TRANSFORMATIONS

Let U and V be two vector spaces. A function T : U™V is called a linear
Ž . Ž . Ž .transformation if T � u q� u s� T u q� T u for all u , u in U1 1 2 2 1 1 2 2 1 2

and any scalars � and � . For example, let T : R3™R3 be defined as1 2

T x , x , x s x yx , x qx , x .Ž . Ž .1 2 3 1 2 1 3 3

Then T is a linear transformation, since

T � x , x , x q� y , y , yŽ . Ž .1 2 3 1 2 3

sT � x q� y , � x q� y , � x q� yŽ .1 1 2 2 3 3

s � x q� y y� x y� y , � x q� y q� x q� y , � x q� yŽ .1 1 2 2 1 1 3 3 3 3

s� x yx , x qx , x q� y yy , y qy , yŽ . Ž .1 2 1 3 3 1 2 1 3 3

s�T x , x , x q� T y , y , y .Ž . Ž .1 2 3 1 2 3
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Ž .We note that the image of U under T , or the range of T , namely T U , is
Ž .a vector subspace of V. This is true because if v , v are in T U , then there1 2

Ž . Ž .exist u and u in U such that v sT u and v sT u . Hence, v qv s1 2 1 1 2 2 1 2
Ž . Ž . Ž . Ž .T u qT u sT u qu , which belongs to T U . Also, if � is a scalar,1 2 1 2

Ž . Ž . Ž .then �T u sT � u gT U for any ugU.

Definition 2.2.1. Let T : U™V be a linear transformation. The kernel of
Ž .T , denoted by ker T , is the collection of all vectors u in U such that T u s0,

where 0 is the zero vector in V. The kernel of T is also called the null space
of T.

3 3 Ž .As an example of a kernel, let T : R ™R be defined as T x , x , x s1 2 3
Ž .x yx , x yx . Then1 2 1 3

�ker Ts x , x , x x sx , x sx� 4Ž .1 2 3 1 2 1 3

Ž . 3In this case, ker T consists of all points x , x , x in R that lie on a straight1 2 3
line through the origin given by the equations x sx sx . �1 2 3

Theorem 2.2.1. Let T : U™V be a linear transformation. Then we have
the following:

1. ker T is a vector subspace of U.
Ž . w Ž .x2. dim Usdim ker T qdim T U .

Proof. Part 1 is left as an exercise. To prove part 2 we consider the
Ž . w Ž .xfollowing. Let dim U s n, dim ker T s p, and dim T U s q. Let

Ž .u , u , . . . , u be a basis for ker T , and v , v , . . . , v be a basis for T U . Then,1 2 p 1 2 q
Ž . Ž .there exist vectors w , w , . . . , w in U such that T w sv is1, 2, . . . , q . We1 2 q i i

need to show that u , u , . . . , u ; w , w , . . . , w form a basis for U, that is,1 2 p 1 2 q
they are linearly independent and span U.

Suppose that there exist scalars � , � , . . . , � ; � , � , . . . , � such that1 2 p 1 2 q
p q

� u q � w s0. 2.1Ž .Ý Ýi i i i
is1 is1

Then
p q

0sT � u q � w ,Ý Ýi i i iž /
is1 is1

where 0 represents the zero vector in V
p q

s � T u q � T wŽ . Ž .Ý Ýi i i i
is1 is1

q

s � T w , since u gker T , is1, 2, . . . , pŽ .Ý i i i
is1

q

s � v .Ý i i
is1
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Since the v ’s are linearly independent, then � s0 for is1, 2, . . . , q. Fromi i
Ž .2.1 it follows that � s0 for is1, 2, . . . , p, since the u ’s are also linearlyi i
independent. Thus the vectors u , u , . . . , u ; w , w , . . . , w are linearly inde-1 2 p 1 2 q
pendent.

Let us now suppose that u is any vector in U. To show that it belongs to
Ž . Ž .L u , u , . . . , u ; w , w , . . . , w . Let vsT u . Then there exist scalars1 2 p 1 2 q

a , a , . . . , a such that vsÝq a v . It follows that1 2 q is1 i i

q

T u s a T wŽ . Ž .Ý i i
is1

q

sT a w .Ý i iž /
is1

Thus,
q

T uy a w s0,Ý i iž /
is1

and uyÝq a w must then belong to ker T. Hence,is1 i i

q p

uy a w s b u 2.2Ž .Ý Ýi i i i
is1 is1

Ž .for some scalars, b , b , . . . , b . From 2.2 we then have1 2 p

p q

us b u q a w ,Ý Ýi i i i
is1 is1

which shows that u belongs to the linear span of u , u , . . . , u ; w , w , . . . , w .1 2 p 1 2 q
We conclude that these vectors form a basis for U. Hence, nspqq.

�

Corollary 2.2.1. T : U™V is a one-to-one linear transformation if and
Ž .only if dim ker T s0.

Proof. If T is a one-to-one linear transformation, then ker T consists of
Ž .just one vector, namely, the zero vector. Hence, dim ker T s0. Vice versa, if

Ž .dim ker T s0, or equivalently, if ker T consists of just the zero vector, then
T must be a one-to-one transformation. This is true because if u and u are1 2

Ž . Ž . Ž .in U and such that T u sT u , then T u yu s0, which implies that1 2 1 2
u yu gker T and thus u yu s0. �1 2 1 2

2.3. MATRICES AND DETERMINANTS

Matrix algebra was devised by the English mathematician Arthur Cayley
Ž .1821�1895 . The use of matrices originated with Cayley in connection with
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linear transformations of the form

ax qbx sy ,1 2 1

cx qdx sy ,1 2 2

where a, b, c, and d are scalars. This transformation is completely deter-
mined by the square array

a b ,
c d

which is called a matrix of order 2�2. In general, let T : U™V be a linear
transformation, where U and V are vector spaces of dimensions m and n,
respectively. Let u , u , . . . , u be a basis for U and v , v , . . . , v be a basis for1 2 m 1 2 n

Ž .V. For is1, 2, . . . , m, consider T u , which can be uniquely represented asi

n

T u s a v , is1, 2, . . . , m ,Ž . Ýi i j j
js1

where the a ’s are scalars. These scalars completely determine all possiblei j
values of T : If ugU, then usÝm c u for some scalars c , c , . . . , c . Thenis1 i i 1 2 m
Ž . m Ž . m Ž n .T u sÝ c T u sÝ c Ý a v . By definition, the rectangular arrayis1 i i is1 i js1 i j j

a a ��� a11 12 1n

a a ��� a21 22 2 n
. . .As . . .. . .

a a ��� am1 m2 m n

is called a matrix of order m�n, which indicates that A has m rows and n
columns. The a ’s are called the elements of A. In some cases it is morei j

Ž .convenient to represent A using the notation As a . In particular, ifi j
msn, then A is called a square matrix. Furthermore, if the off-diagonal
elements of a square matrix A are zero, then A is called a diagonal matrix and

Ž .is written as AsDiag a , a , . . . , a . In this special case, if the diagonal11 22 nn
elements are equal to 1, then A is called the identity matrix and is denoted by
I to indicate that it is of order n�n. A matrix of order m�1 is called an
column vector. Likewise, a matrix of order 1�n is called a row vector.

2.3.1. Basic Operations on Matrices

Ž . Ž .1. Equality of Matrices. Let As a and Bs b be two matrices of thei j i j
same order. Then AsB if and only if a sb for all is1, 2, . . . , m;i j i j
js1, 2, . . . , n.
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Ž . Ž .2. Addition of Matrices. Let As a and Bs b be two matrices ofi j i j
Ž .order m�n. Then AqB is a matrix Cs c of order m�n such thati j

Ž .c sa qb is1, 2, . . . , m; js1, 2, . . . , n .i j i j i j

Ž .3. Scalar Multiplication. Let � be a scalar, and As a be a matrix ofi j
Ž .order m�n. Then �As � a .i j

Ž .4. The Transpose of a Matrix. Let As a be a matrix of order m�n.i j
The transpose of A, denoted by A�, is a matrix of order n�m whose
rows are the columns of A. For example,

2 y12 3 1if As , then A�s .3 0
y1 0 7 1 7

A matrix A is symmetric if AsA�. It is skew-symmetric if A�syA.
A skew-symmetric matrix must necessarily have zero elements along its
diagonal.

Ž . Ž .5. Product of Matrices. Let As a and Bs b be matrices of ordersi j i j
Ž .m�n and n�p, respectively. The product AB is a matrix Cs c ofi j

n Ž .order m�p such that c sÝ a b is1, 2, . . . , m; js1, 2, . . . , p .i j ks1 i k k j
It is to be noted that this product is defined only when the number of
columns of A is equal to the number of rows of B.

In particular, if a and b are column vectors of order n�1, then their
dot product a �b can be expressed as a matrix product of the form a�b
or b�a.

Ž .6. The Trace of a Matrix. Let As a be a square matrix of order n�n.i j
Ž .The trace of A, denoted by tr A , is the sum of its diagonal elements,

that is,
n

tr A s a .Ž . Ý i i
is1

On the basis of this definition, it is easy to show that if A and B are
Ž . Ž . Ž .matrices of order n�n, then the following hold: i tr AB s tr BA ;

Ž . Ž . Ž . Ž .ii tr AqB s tr A q tr B .

Ž .Definition 2.3.1. Let As a be an m�n matrix. A submatrix B of A isi j
a matrix which can be obtained from A by deleting a certain number of rows
and columns.

In particular, if the ith row and jth column of A that contain the element
Ža are deleted, then the resulting matrix is denoted by M is1, 2, . . . , m;i j i j

.js1, 2, . . . , n .
Let us now suppose that A is a square matrix of order n�n. If rows

i , i , . . . , i and columns i , i , . . . , i are deleted from A, where p�n, then1 2 p 1 2 p
the resulting submatrix is called a principal submatrix of A. In particular, if
the deleted rows and columns are the last p rows and the last p columns,
respectively, then such a submatrix is called a leading principal submatrix.
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Definition 2.3.2. A partitioned matrix is a matrix that consists of several
submatrices obtained by drawing horizontal and vertical lines that separate it
into groups of rows and columns.

For example, the matrix

. .

. .1 0 3 4 y5. .

. .6 2 10 5 0As . .

. .3 2 1 0 2. .

is partitioned into six submatrices by drawing one horizontal line and two
vertical lines as shown above.

Ž .Definition 2.3.3. Let As a be an m �n matrix and B be an m �ni j 1 1 2 2
Ž .matrix. The direct or Kronecker product of A and B, denoted by AmB, is a

matrix of order m m �n n defined as a partitioned matrix of the form1 2 1 2

a B a B ��� a B11 12 1n1

a B a B ��� a B21 22 2 n1
AmBs .. . .. . .. . .

a B a B ��� a Bm 1 m 2 m n1 2 1 1

w xThis matrix can be simplified by writing AmBs a B . �i j

Properties of the direct product can be found in several matrix algebra
Ž .books and papers. See, for example, Graybill 1983, Section 8.8 , Henderson

Ž . Ž .and Searle 1981 , Magnus and Neudecker 1988, Chapter 2 , and Searle
Ž .1982, Section 10.7 . Some of these properties are listed below:

Ž .1. AmB �sA�mB�.
Ž . Ž .2. Am BmC s AmB mC.

Ž .Ž .3. AmB CmD sACmBD, if AC and BD are defined.
Ž . Ž . Ž .4. tr AmB s tr A tr B , if A and B are square matrices.

Ž .The paper by Henderson, Pukelsheim, and Searle 1983 gives a detailed
account of the history associated with direct products.

ŽDefinition 2.3.4. Let A , A , . . . , A be matrices of orders m �n is1 2 k i i
. k1, 2, . . . , k . The direct sum of these matrices, denoted by [ A , is aiis1

Ž k . Ž k .partitioned matrix of order Ý m � Ý n that has the block-diagonalis1 i is1 i
form

k

A sDiag A , A , . . . , A .Ž .[ i 1 2 k
is1
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The following properties can be easily shown on the basis of the preceding
definition:

k k k Ž .1. [ A q[ B s[ A qB , if A and B are of the same orderi i i i i iis1 is1 is1
for is1, 2, . . . , k.
w k xw k x k2. [ A [ B s[ A B , if A B is defined for is1, 2, . . . , k.i i i i i iis1 is1 is1

w k x k �3. [ A �s[ A .i iis1 is1

Ž k . k Ž .4. tr [ A sÝ tr A . �i is1 iis1

Ž .Definition 2.3.5. Let As a be a square matrix of order n�n. Thei j
Ž .determinant of A, denoted by det A , is a scalar quantity that can be

computed iteratively as

n
jq1det A s y1 a det M , 2.3Ž . Ž . Ž .Ž .Ý 1 j 1 j

js1

where M is a submatrix of A obtained by deleting row 1 and column j1 j
Ž .js1, 2, . . . , n . For each j, the determinant of M is obtained in terms of1 j

Ž . Ž .determinants of matrices of order ny2 � ny2 using a formula similar to
Ž .2.3 . This process is repeated several times until the matrices on the

Ž .right-hand side of 2.3 become of order 2�2. The determinant of a 2�2
Ž . Ž .matrix such as bs b is given by det B sb b yb b . Thus by ani j 11 22 12 21

Ž . Ž .iterative application of formula 2.3 , the value of det A can be fully
determined. For example, let A be the matrix

1 2 y1
As .5 0 3

1 2 1

Ž . Ž . Ž . Ž .Then det A sdet A y2 det A ydet A , where A , A , A are 2�2 sub-1 2 3 1 2 3
matrices, namely

0 3 5 3 5 0A s , A s , A s .1 2 32 1 1 1 1 2

Ž . Ž .It follows that det A sy6y2 2 y10sy20. �

Ž .Definition 2.3.6. Let As a be a square matrix order of n�n. Thei j
determinant of M , the submatrix obtained by deleting row i and column j,i j

Ž . iqj Ž .is called a minor of A of order ny1. The quantity y1 det M is calledi j
Ž .a cofactor of the corresponding i, j th element of A. More generally, if A is

an m�n matrix and if we strike out all but p rows and the same number of
Ž .columns from A, where pFmin m, n , then the determinant of the resulting

submatrix is called a minor of A of order p.
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The determinant of a principal submatrix of a square matrix A is called a
principal minor. If, however, we have a leading principal submatrix, then its
determinant is called a leading principal minor. �

NOTE 2.3.1. The determinant of a matrix A is defined only when A is a
square matrix.

Ž . Ž .NOTE 2.3.2. The expansion of det A in 2.3 was carried out by multiply-
ing the elements of the first row of A by their corresponding cofactors and

Ž . Ž .then summing over j s1, 2, . . . , n . The same value of det A could have also
been obtained by similar expansions according to the elements of any row of
Ž .A instead of the first row , or any column of A. Thus if M is a submatrix ofi j

Ž .A obtained by deleting row i and column j, then det A can be obtained
by using any of the following expansions:

n
iqjBy row i : det A s y1 a det M , is1, 2, . . . , n.Ž . Ž . Ž .Ý i j i j

js1

n
iqjBy column j: det A s y1 a det M , js1, 2, . . . , n.Ž . Ž . Ž .Ý i j i j

is1

NOTE 2.3.3. Some of the properties of determinants are the following:

Ž . Ž . Ž .i. det AB sdet A det B , if A and B are n�n matrices.
Ž . Ž .ii. If A� is the transpose of A, then det A� sdet A .

Ž . n Ž .iii. If A is an n�n matrix and � is a scalar, then det �A s� det A .
Ž . Ž .iv. If any two rows or columns of A are identical, then det A s0.
Ž . Ž .v. If any two rows or columns of A are interchanged, then det A is

multiplied by y1.
Ž .vi. If det A s0, then A is called a singular matrix. Otherwise, A is a

nonsingular matrix.
vii. If A and B are matrices of orders m�m and n�n, respectively, then

Ž . Ž . w Ž .xnw Ž .xm Ž . Ž .the following hold: a det AmB s det A det B ; b det A[B
w Ž .xw Ž .xs det A det B .

NOTE 2.3.4. The history of determinants dates back to the fourteenth
Ž .century. According to Smith 1958, page 273 , the Chinese had some knowl-

Ž .edge of determinants as early as about 1300 A.D. Smith 1958, page 440 also
Ž .reported that the Japanese mathematician Seki Kowa 1642�1708 had˜

discovered the expansion of a determinant in solving simultaneous equations.
In the West, the theory of determinants is believed to have originated with

Ž .the German mathematician Gottfried Leibniz 1646�1716 in 1693, ten years
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after the work of Seki Kowa. However, the actual development of the theory˜
of determinants did not begin until the publication of a book by Gabriel

Ž . Ž .Cramer 1704�1752 see Price, 1947, page 85 in 1750. Other mathemati-
cians who contributed to this theory include Alexandre Vandermonde
Ž . Ž . Ž .1735�1796 , Pierre-Simon Laplace 1749�1827 , Carl Gauss 1777�1855 ,

Ž . Ž .and Augustin-Louis Cauchy 1789�1857 . Arthur Cayley 1821�1895 is cred-
ited with having been the first to introduce the common present-day notation
of vertical bars enclosing a square matrix. For more interesting facts about
the history of determinants, the reader is advised to read the article by Price
Ž .1947 .

2.3.2. The Rank of a Matrix

Ž . � � �Let As a be a matrix of order m�n. Let u , u , . . . , u denote the rowi j 1 2 m
vectors of A, and let v , v , . . . , v denote its column vectors. Consider the1 2 n

Ž � � � .linear spans of the row and column vectors, namely, V sL u ,u , . . . , u , V1 1 2 m 2
Ž .sL v , v , . . . , v , respectively.1 2 n

Theorem 2.3.1. The vector spaces V and V have the same dimension.1 2

Ž . Ž .Proof. See Lancaster 1969, Theorem 1.15.1 , or Searle 1982, Section 6.6 .
�

Thus, for any matrix A, the number of linearly independent rows is the
same as the number of linearly independent columns.

Definition 2.3.7. The rank of a matrix A is the number of its linearly
Ž . Ž .independent rows or columns . The rank of A is denoted by r A . �

Theorem 2.3.2. If a matrix A has a nonzero minor of order r, and if all
Ž .minors of order rq1 and higher if they exist are zero, then A has rank r.

Ž .Proof. See Lancaster 1969, Lemma 1, Section 1.15 . �

For example, if A is the matrix

2 3 y1
As ,0 1 2

2 4 1

Ž . Ž .then r A s2. This is because det A s0 and at least one minor of order 2 is
different from zero.
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There are several properties associated with the rank of a matrix. Some of
these properties are the following:

Ž . Ž .1. r A s r A� .
2. The rank of A is unchanged if A is multiplied by a nonsingular matrix.

Thus if A is an m�n matrix and P is an n�n nonsingular matrix, then
Ž . Ž .r A s r AP .
Ž . Ž . Ž .3. r A s r AA� s r A�A .

w x4. If the matrix A is partitioned as As A : A , where A and A are1 2 1 2
Ž . Ž . Ž . Ž .submatrices of the same order, then r A qA F r A F r A q r A .1 2 1 2

More generally, if the matrices A , A , . . . , A are of the same order1 2 k
w xand if A is partitioned as As A : A : ��� : A , then1 2 k

k k

r A F r A F r A .Ž . Ž .Ý Ýi iž /
is1 is1

Ž . Ž . Ž .5. If the product AB is defined, then r A q r B y n F r AB F
� Ž . Ž .4 Žmin r A , r B , where n is the number of columns of A or the number

.of rows of B .
Ž . Ž . Ž .6. r AmB s r A r B .
Ž . Ž . Ž .7. r A[B s r A q r B .

Definition 2.3.8. Let A be a matrix of order m�n and rank r. Then we
have the following:

1. A is said to have a full row rank if rsm�n.
2. A is said to have a full column rank if rsn�m.

Ž .3. A is of full rank if rsmsn. In this case, det A �0, that is, A is a
nonsingular matrix. �

2.3.3. The Inverse of a Matrix

Ž .Let As a be a nonsingular matrix of order n�n. The inverse of A,i j
denoted by Ay1, is an n�n matrix that satisfies the condition AAy1 sAy1A
sI .n

The inverse of A can be computed as follows: Let c be the cofactor of ai j i j
Ž . Ž .see Definition 2.3.6 . Define the matrix C as Cs c . The transpose of C isi j
called the adjugate or adjoint of A and is denoted by adj A. The inverse of A
is then given by

adj A
y1A s .

det AŽ .
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It can be verified that

adj A adj A
A s AsI .ndet A det AŽ . Ž .

For example, if A is the matrix

2 0 1
As ,y3 2 0

2 1 1

Ž .then det A sy3, and

2 1 y2
adj As .3 0 y3

y7 y2 4

Hence,

2 1 2y y3 3 3
y1A s .y1 0 1

7 2 4y3 3 3

Some properties of the inverse operation are given below:

Ž .y1 y1 y11. AB sB A .
Ž .y1 Ž y1 .2. A� s A �.

Ž y1 . Ž .3. det A s1rdet A .
Ž y1 .y14. A sA.
Ž .y1 y1 y15. AmB sA mB .
Ž .y1 y1 y16. A[B sA [B .

7. If A is partitioned as

A A11 12
As ,

A A21 22

Ž .where A is of order n �n i, js1, 2 , theni j i j

det A �det A yA Ay1A if A is nonsingular,Ž . Ž .11 22 21 11 12 11
det A sŽ .

y1½ det A �det A yA A A if A is nonsingular.Ž . Ž .22 11 12 22 21 22
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The inverse of A is partitioned as

B B11 12y1A s ,
B B21 22

where

y1y1B s A yA A A ,Ž .11 11 12 22 21

B syB A Ay1 ,12 11 12 22

B syAy1A B ,21 22 21 11

B sAy1 qAy1A B A Ay1 .22 22 22 21 11 12 22

2.3.4. Generalized Inverse of a Matrix

This inverse represents a more general concept than the one discussed in the
previous section. Let A be a matrix of order m�n. Then, a generalized
inverse of A, denoted by Ay, is a matrix of order n�m that satisfies the
condition

AAyAsA. 2.4Ž .

Note that Ay is defined even if A is not a square matrix. If A is a square
Ž .matrix, it does not have to be nonsingular. Furthermore, condition 2.4 can

Žbe satisfied by infinitely many matrices see, for example, Searle, 1982,
. Ž . y1 y1Chapter 8 . If A is nonsingular, then 2.4 is satisfied by only A . Thus A

is a special case of Ay.

Theorem 2.3.3.

1. If A is a symmetric matrix, then Ay can be chosen to be symmetric.
Ž .y2. A A�A A�AsA for any matrix A.
Ž .y3. A A�A A� is invariant to the choice of a generalized inverse of A�A.

Ž .Proof. See Searle 1982, pages 221�222 . �

2.3.5. Eigenvalues and Eigenvectors of a Matrix

Let A be a square matrix of order n�n. By definition, a scalar � is said to be
Ž .an eigenvalue or characteristic root of A if Ay�I is a singular matrix, thatn

is,

det Ay�I s0. 2.5Ž . Ž .n
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Thus an eigenvalue of A satisfies a polynomial equation of degree n called
Ž .the characteristic equation of A. If � is a multiple solution or root of

Ž . Ž .equation 2.5 , that is, 2.5 has several roots, say m, that are equal to �, then
� is said to be an eigenvalue of multiplicity m.

Ž .Since r Ay�I �n by the fact that Ay�I is singular, the columns ofn n
Ay�I must be linearly related. Hence, there exists a nonzero vector v suchn
that

Ay�I vs0, 2.6Ž . Ž .n

or equivalently,

Avs�v. 2.7Ž .

Ž . Ž .A vector satisfying 2.7 is called an eigenvector or a characteristic vector
Ž .corresponding to the eigenvalue �. From 2.7 we note that the linear

transformation of v by the matrix A is a scalar multiple of v.
The following theorems describe certain properties associated with eigen-

values and eigenvectors. The proofs of these theorems can be found in
Ž .standard matrix algebra books see the annotated bibliography .

Theorem 2.3.4. A square matrix A is singular if and only if at least one of
its eigenvalues is equal to zero. In particular, if A is symmetric, then its rank
is equal to the number of its nonzero eigenvalues.

Theorem 2.3.5. The eigenvalues of a symmetric matrix are real.

Theorem 2.3.6. Let A be a square matrix, and let � , � , . . . , � denote its1 2 k
distinct eigenvalues. If v , v , . . . , v are eigenvectors of A corresponding1 2 k
to � , � , . . . , � , respectively, then v , v , . . . , v are linearly independent. In1 2 k 1 2 k
particular, if A is symmetric, then v , v , . . . , v are orthogonal to one another,1 2 k

� Ž .that is, v v s0 for i� j i, js1, 2, . . . , k .i j

Theorem 2.3.7. Let A and B be two matrices of orders m�m and n�n,
respectively. Let � , � , . . . , � be the eigenvalues of A, and ® , ® , . . . , ® be1 2 m 1 2 n
the eigenvalues of B. Then we have the following:

Ž1. The eigenvalues of AmB are of the form � � is1, 2, . . . , m; jsi j
.1, 2, . . . , n .

2. The eigenvalues of A[B are � , � , . . . , � ; � , � , . . . , � .1 2 m 1 2 n

Theorem 2.3.8. Let � , � , . . . , � be the eigenvalues of a matrix A of1 2 n
order n�n. Then the following hold:

Ž . n1. tr A sÝ � .is1 i

Ž . n2. det A sŁ � .is1 i
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Theorem 2.3.9. Let A and B be two matrices of orders m�n and n�m
Ž .nGm , respectively. The nonzero eigenvalues of BA are the same as those
of AB.

2.3.6. Some Special Matrices

1. The vector 1 is a column vector of ones of order n�1.n

2. The matrix J is a matrix of ones of order n�n.n

3. Idempotent Matrix. A square matrix A for which A2sA is called an
Ž .idempotent matrix. For example, the matrix AsI y 1rn J is idem-n n

potent of order n�n. The eigenvalues of an idempotent matrix are
equal to zeros and ones. It follows from Theorem 2.3.8 that the rank of
an idempotent matrix, which is the same as the number of eigenvalues
that are equal to 1, is also equal to its trace. Idempotent matrices are

Ž .used in many applications in statistics see Section 2.4 .
4. Orthogonal Matrix. A square matrix A is orthogonal if A�AsI. From

Ž . y1this definition it follows that i A is orthogonal if and only if A�sA ;
Ž . � Ž . �ii det A s1. A special orthogonal matrix is the Householder matrix,
which is a symmetric matrix of the form

HsIy2uu�ru�u,

where u is a nonzero vector. Orthogonal matrices occur in many
applications of matrix algebra and play an important role in statistics,
as will be seen in Section 2.4.

2.3.7. The Diagonalization of a Matrix

Ž .Theorem 2.3.10 The Spectral Decomposition Theorem . Let A be a
symmetric matrix of order n�n. There exists an orthogonal matrix P such

Ž .that AsP� P�, where �sDiag � , � , . . . , � is a diagonal matrix whose1 2 n
diagonal elements are the eigenvalues of A. The columns of P are the
corresponding orthonormal eigenvectors of A.

Ž .Proof. See Basilevsky 1983, Theorem 5.8, page 200 . �

w xIf P is partitioned as Ps p : p : ��� :p , where p is an eigenvector of A1 2 n i
Ž .with eigenvalue � is1, 2, . . . , n , then A can be written asi

n
�As � p p .Ý i i i

is1
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For example, if

1 0 y2
As ,0 0 0

y2 0 4

then A has two distinct eigenvalues, � s0 of multiplicity 2 and � s5. For1 2'Ž .� s0 we have two orthonormal eigenvectors, p s 2, 0, 1 �r 5 and p s1 1 2
Ž . Ž .0, 1, 0 �. Note that p and p span the kernel null space of the linear1 2
transformation represented by A. For � s5 we have the normal eigenvector2'Ž .p s 1, 0,y2 �r 5 , which is orthogonal to both p and p . Hence, P and �3 1 2
in Theorem 2.3.10 for the matrix A are

2 1
0' '5 5

Ps ,0 1 0
1 y2

0' '5 5

�sDiag 0, 0, 5 .Ž .

The next theorem gives a more general form of the spectral decomposition
theorem.

Ž .Theorem 2.3.11 The Singular-Value Decomposition Theorem . Let A be
Ž .a matrix of order m�n mFn and rank r. There exist orthogonal matrices
w x Ž .P and Q such that AsP D : 0 Q�, where DsDiag � , � , . . . , � is a diago-1 2 m

nal matrix with nonnegative diagonal elements called the singular values of
Ž .A, and 0 is a zero matrix of order m� nym . The diagonal elements of D

are the square roots of the eigenvalues of AA�.

Ž .Proof. See, for example, Searle 1982, pages 316�317 . �

2.3.8. Quadratic Forms

Ž . Ž .Let As a be a symmetric matrix of order n�n, and let xs x , x , . . . , x �i j 1 2 n
be a column vector of order n�1. The function

q x sx�AxŽ .
n n

s a x xÝ Ý i j i j
is1 js1

is called a quadratic form in x.
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A quadratic form x�Ax is said to be the following:

1. Positive definite if x�Ax�0 for all x�0 and is zero only if xs0.
2. Positive semidefinite if x�AxG0 for all x and x�Axs0 for at least one

nonzero value of x.
3. Nonnegative definite if A is either positive definite or positive semi-

definite.

Ž .Theorem 2.3.12. Let As a be a symmetric matrix of order n�n.i j
Then A is positive definite if and only if either of the following two conditions
is satisfied:

1. The eigenvalues of A are all positive.
2. The leading principal minors of A are all positive, that is,

a a11 12a �0, det �0, . . . , det A �0.Ž .11 ž /a a21 22

Proof. The proof of part 1 follows directly from the spectral decomposi-
Ž .tion theorem. For the proof of part 2, see Lancaster 1969, Theorem 2.14.4 .

�

Ž .Theorem 2.3.13. Let As a be a symmetric matrix of order n�n.i j
Then A is positive semidefinite if and only if its eigenvalues are nonnegative
with at least one of them equal to zero.

Ž .Proof. See Basilevsky 1983, Theorem 5.10, page 203 . �

2.3.9. The Simultaneous Diagonalization of Matrices

By simultaneous diagonalization we mean finding a matrix, say Q, that can
reduce several square matrices to a diagonal form. In many situations there
may be a need to diagonalize several matrices simultaneously. This occurs
frequently in statistics, particularly in analysis of variance.

ŽThe proofs of the following theorems can be found in Graybill 1983,
.Chapter 12 .

Theorem 2.3.14. Let A and B be symmetric matrices of order n�n.

1. If A is positive definite, then there exists a nonsingular matrix Q such
that Q�AQsI and Q�BQsD, where D is a diagonal matrix whosen

Ž .diagonal elements are the roots of the polynomial equation det By�A
s0.
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2. If A and B are positive semidefinite, then there exists a nonsingular
matrix Q such that

Q�AQsD ,1

Q�BQsD ,2

Žwhere D and D are diagonal matrices for a detailed proof of this1 2
.result, see Newcomb, 1960 .

Theorem 2.3.15. Let A , A , . . . , A be symmetric matrices of order n�n.1 2 k
Then there exists an orthogonal matrix P such that

A sP� P�, is1, 2, . . . , k ,i i

where � is a diagonal matrix, if and only if A A sA A for all i� ji i j j i
Ž .i, js1, 2, . . . , k .

2.3.10. Bounds on Eigenvalues

Let A be a symmetric matrix of order n�n. We denote the ith eigenvalue of
Ž .A by e A , is1, 2, . . . , n. The smallest and largest eigenvalues of A arei

Ž . Ž .denoted by e A and e A , respectively.min max

Ž . Ž .Theorem 2.3.16. e A Fx�Axrx�xFe A .min max

Proof. This follows directly from the spectral decomposition theorem. �

The ratio x�Axrx�x is called Rayleigh’s quotient for A. The lower and
upper bounds in Theorem 2.3.16 can be achieved by choosing x to be an

Ž . Ž .eigenvector associated with e A and e A , respectively. Thus Theoremmin max
2.3.16 implies that

x�Ax
inf se A , 2.8Ž . Ž .minx�xx�0

x�Ax
sup se A . 2.9Ž . Ž .maxx�xx�0

Theorem 2.3.17. If A is a symmetric matrix and B is a positive definite
matrix, both of order n�n, then

x�Ax
y1 y1e B A F Fe B AŽ . Ž .min maxx�Bx

Proof. The proof is left to the reader. �
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Note that the above lower and upper bounds are equal to the infimum and
supremum, respectively, of the ratio x�Axrx�Bx for x�0.

Theorem 2.3.18. If A is a positive semidefinite matrix and B is a positive
Ž .definite matrix, both of order n�n, then for any i is1, 2, . . . , n ,

e A e B Fe AB Fe A e B . 2.10Ž . Ž . Ž . Ž . Ž . Ž .i min i i max

Ž .Furthermore, if A is positive definite, then for any i is1, 2, . . . , n ,

e2 AB e2 ABŽ . Ž .i i
Fe A e B FŽ . Ž .i ie A e B e A e BŽ . Ž . Ž . Ž .max max min min

Ž .Proof. See Anderson and Gupta 1963, Corollary 2.2.1 . �

Ž .A special case of the double inequality in 2.10 is

e A e B Fe AB Fe A e B ,Ž . Ž . Ž . Ž . Ž .min min i max max

Ž .for all i is1, 2, . . . , n .

Theorem 2.3.19. Let A and B be symmetric matrices of order n�n.
Then, the following hold:

Ž . Ž .1. e A Fe AqB , is1, 2, . . . , n, if B is nonnegative definite.i i

Ž . Ž .2. e A �e AqB , is1, 2, . . . , n, if B is positive definite.i i

Ž .Proof. See Bellman 1970, Theorem 3, page 117 . �

Ž . Ž .Theorem 2.3.20 Schur’s Theorem . Let As a be a symmetric matrixi j
� �of order n�n, and let A denote its Euclidean norm, defined as2

1r2n n
2� �A s a .Ý Ý2 i jž /

is1 js1

Then
n

22 � �e A s A .Ž .Ý 2i
is1

Ž .Proof. See Lancaster 1969, Theorem 7.3.1 . �

� � � �Since A Fn max a , then from Theorem 2.3.20 we conclude that2 i, j i j

� � � �e A Fn max a .Ž .max i j
i , j
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Theorem 2.3.21. Let A be a symmetric matrix of order n�n, and let m
and s be defined as

1r22tr A tr AŽ . Ž .
2ms , ss ym .ž /n n

Then

s1r2mys ny1 Fe A Fmy ,Ž . Ž .min 1r2ny1Ž .
s 1r2mq Fe A Fmqs ny1 ,Ž . Ž .max1r2ny1Ž .

1r2e A ye A Fs 2n .Ž . Ž . Ž .max min

Ž .Proof. See Wolkowicz and Styan 1980, Theorems 2.1 and 2.5 . �

2.4. APPLICATIONS OF MATRICES IN STATISTICS

The use of matrix algebra is quite prevalent in statistics. In fact, in the areas
of experimental design, linear models, and multivariate analysis, matrix
algebra is considered the most frequently used branch of mathematics.
Applications of matrices in these areas are well documented in several books,

Ž . Ž .for example, Basilevsky 1983 , Graybill 1983 , Magnus and Neudecker
Ž . Ž .1988 , and Searle 1982 . We shall therefore not attempt to duplicate the
material given in these books.

Let us consider the following applications:

2.4.1. The Analysis of the Balanced Mixed Model

In analysis of variance, a linear model associated with a given experimental
situation is said to be balanced if the numbers of observations in the
subclasses of the data are the same. For example, the two-way crossed-classi-
fication model with interaction,

y s	q� q� q �� q
 , 2.11Ž . Ž .i ji jk i j i jk

is1, 2, . . . , a; js1, 2, . . . , b; ks1, 2, . . . , n, is balanced, since there are n
observations for each combination of i and j. Here, � and � represent thei j

Ž .main effects of the factors under consideration, �� denotes the interac-i j
Ž .tion effect, and 
 is a random error term. Model 2.11 can be written ini jk

vector form as

ysH � qH � qH � qH � qH � , 2.12Ž .0 0 1 1 2 2 3 3 4 4
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Ž .where y is the vector of observations, � s�, � s � , � , . . . , � �, � s0 1 1 2 a 2
Ž . wŽ . Ž . Ž . x� , � , . . . , � �, � s � � , � � , . . . , � � �, and � s1 2 b 3 11 12 a b 4
Ž . Ž .� , � , . . . , � �. The matrices H is0, 1, 2, 3, 4 can be expressed as111 112 abn i
direct products of the form

H s1 m1 m1 ,0 a b n

H sI m1 m1 ,1 a b n

H s1 mI m1 ,2 a b n

H sI mI m1 ,3 a b n

H sI mI mI .4 a b n

In general, any balanced linear model can be written in vector form as

�

ys H � , 2.13Ž .Ý l l
ls0

Ž .where H ls0, 1, . . . , � is a direct product of identity matrices and vectorsl
Ž . Ž .of ones see Khuri, 1982 . If � , � , . . . , � 	��y1 are fixed unknown0 1 	

Ž .parameter vectors fixed effects , and � , � , . . . , � are random vectors	q1 	q2 �

Ž . Ž .random effects , then model 2.11 is called a balanced mixed model.
Furthermore, if we assume that the random effects are independent and have

Ž 2 .the normal distributions N 0, 
 I , where c is the number of columns ofl c ll
Ž .H , ls	q1, 	q2, . . . , � , then, because model 2.11 is balanced, its statisti-l

cal analysis becomes very simple. Here, the 
 2 ’s are called the model’sl
variance components. A balanced mixed model can be written as

ysXgqZh 2.14Ž .

where XgsÝ	 H � is the fixed portion of the model, and ZhsÝ� H �ls0 l l ls	q1 l l
is its random portion. The variance�covariance matrix of y is given by

�
2�s A 
 ,Ý l l

ls	q1

� Ž .where A sH H ls	q1, 	q2, . . . , � . Note that A A sA A for alll l l l p p l
Žl�p. Hence, the matrices A can be diagonalized simultaneously see Theo-l

.rem 2.3.15 .
If y�Ay is a quadratic form in y, then y�Ay is distributed as a noncentral

� 2Ž .chi-squared variate � 
 if and only if A � is idempotent of rank m, wherem
Ž
 is the noncentrality parameter and is given by 
sg�X�AXg see Searle,

.1971, Section 2.5 .
The total sum of squares, y�y, can be uniquely partitioned as

�

y�ys y�P y,Ý l
ls0
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Žwhere the P ’s are idempotent matrices such that P P s0 for all l�s seel l s
. Ž .Khuri, 1982 . The quadratic form y�P y ls0, 1, . . . , � is positive semidefi-l

Ž .nite and represents the sum of squares for the lth effect in model 2.13 .

Ž .Theorem 2.4.1. Consider the balanced mixed model 2.14 , where the
random effects are assumed to be independently and normally distributed

2 Žwith zero means and variance�covariance matrices � I ls�q1, �ql cl
.2, . . . , � . Then we have the following:

1. y�P y, y�P y, . . . , y�P y are statistically independent.0 1 �

2. y�P yr� is distributed as a noncentral chi-squared variate with degreesl l
of freedom equal to the rank of P and noncentrality parameter givenl
by � sg�X�P Xgr� for ls0, 1, . . . , � , where � is a particular linearl l l l
combination of the variance components � 2 , � 2 , . . . , � 2. However,�q1 �q2 �

for ls�q1, �q2, . . . , � , that is, for the random effects, y�P yr� isl l
distributed as a central chi-squared variate with m degrees of freedom,l

Ž .where m s r P .l l

Ž .Proof. See Theorem 4.1 in Khuri 1982 . �

Theorem 2.4.1 provides the basis for a complete analysis of any balanced
mixed model, as it can be used to obtain exact tests for testing the signifi-
cance of the fixed effects and the variance components.

Ž .A linear function a�g, of g in model 2.14 , is estimable if there exists a
Ž .linear function, c�y, of the observations such that E c�y sa�g. In Searle

Ž .1971, Section 5.4 it is shown that a�g is estimable if and only if a� belongs to
Ž .the linear span of the rows of X. In Khuri 1984 we have the following

theorem:

Ž .Theorem 2.4.2. Consider the balanced mixed model in 2.14 . Then we
have the following:

Ž . Ž .1. r P X s r P , ls0, 1, . . . , � .l l

Ž . � Ž .2. r X sÝ r P X .ls0 l

3. P Xg, P Xg, . . . , P Xg are linearly independent and span the space of all0 1 �

estimable linear functions of g.

Theorem 2.4.2 is useful in identifying a basis of estimable linear functions
Ž .of the fixed effects in model 2.14 .

2.4.2. The Singular-Value Decomposition

The singular-value decomposition of a matrix is far more useful, both in
statistics and in matrix algebra, then is commonly realized. For example, it
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plays a significant role in regression analysis. Let us consider the linear
model

ysX�q� , 2.15Ž .

Ž .where y is a vector of n observations, X is an n�p nGp matrix consisting
of known constants, � is an unknown parameter vector, and 
 is a random
error vector. Using Theorem 2.3.11, the matrix X� can be expressed as

w xX�sP D : 0 Q�, 2.16Ž .

where P and Q are orthogonal matrices of orders p�p and n�n, respec-
tively, and D is a diagonal matrix of order p�p consisting of nonnegative

Ž .diagonal elements. These are the singular values of X or of X� and are the
Ž .positive square roots of the eigenvalues of X�X. From 2.16 we get

DXsQ P�. 2.17Ž .
0�

If the columns of X are linearly related, then they are said to be
Ž .multicollinear. In this case, X has rank r �p , and the columns of X belong

to a vector subspace of dimension r. At least one of the eigenvalues of X�X,
and hence at least one of the singular values of X, will be equal to zero. In
practice, such exact multicollinearities rarely occur in statistical applications.
Rather, the columns of X may be ‘‘nearly’’ linearly related. In this case, the
rank of X is p, but some of the singular values of X will be ‘‘near zero.’’ We
shall use the term multicollinearity in a broader sense to describe the latter
situation. It is also common to use the term ‘‘ill conditioning’’ to refer to the
same situation.

The presence of multicollinearities in X can have adverse effects on the
ˆ Ž .least-squares estimate, �, of � in 2.15 . This can be easily seen from the fact

ˆ y1 ˆ y1 2 2Ž . Ž . Ž .that �s X�X X�y and Var � s X�X � , where � is the error vari-
ˆance. Large variances associated with the elements of � can therefore be

ˆexpected when the columns of X are multicollinear. This causes � to become
an unreliable estimate of �. For a detailed study of multicollinearity and its

Ž .effects, see Belsley, Kuh, and Welsch 1980, Chapter 3 , Montgomery and
Ž . Ž .Peck 1982, Chapter 8 , and Myers 1990, Chapter 3 .

The singular-value decomposition of X can provide useful information for
detecting multicollinearity, as we shall now see. Let us suppose that the
columns of X are multicollinear. Because of this, some of the singular values

Ž . Ž .of X, say p �p of them, will be ‘‘near zero.’’ Let us partition D in 2.17 as2

D 01
Ds ,

0 D2
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Ž .where D and D are of orders p �p and p �p p spyp , respec-1 2 1 1 2 2 1 2
tively. The diagonal elements of D consist of those singular values of X2

Ž .labeled as ‘‘near zero.’’ Let us now write 2.17 as

D 01

XPsQ . 2.18Ž .0 D2

0 0

w x w xLet us next partition P and Q as Ps P : P , Qs Q : Q , where P and1 2 1 2 1
P have p and p columns, respectively, and Q and Q have p and nyp2 1 2 1 2 1 1

Ž .columns, respectively. From 2.18 we conclude that

XP sQ D , 2.19Ž .1 1 1

XP f0, 2.20Ž .2

where f represents approximate equality. The matrix XP is ‘‘near zero’’2
because of the smallness of the diagonal elements of D .2

Ž .We note from 2.20 that each column of P provides a ‘‘near’’-linear2
Ž .relationship among the columns of X. If 2.20 were an exact equality, then

the columns of P would provide an orthonormal basis for the null space2
of X.

We have mentioned that the presence of multicollinearity is indicated by
the ‘‘smallness’’ of the singular values of X. The problem now is to determine
what ‘‘small’’ is. For this purpose it is common in statistics to use the

Ž .condition number of X, denoted by � X . By definition

�max
� X s ,Ž .

�min

where � and � are, respectively, the largest and smallest singularmax min
values of X. Since the singular values of X are the positive square roots of the

Ž .eigenvalues of X�X, then � X can also be written as

e X�XŽ .max
� X s .Ž . ( e X�XŽ .min

Ž .If � X is less than 10, then there is no serious problem with multi-
Ž .collinearity. Values of � X between 10 and 30 indicate moderate to strong

multicollinearity, and if ��30, severe multicollinearity is implied.
More detailed discussions concerning the use of the singular-value decom-

Ž .position in regression can be found in Mandel 1982 . See also Lowerre
Ž . Ž .1982 . Good 1969 described several applications of this decomposition in
statistics and in matrix algebra.
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2.4.3. Extrema of Quadratic Forms

ŽIn many statistical problems there is a need to find the extremum maximum
.or minimum of a quadratic form or a ratio of quadratic forms. Let us, for

example, consider the following problem:
Let X , X , . . . , X be a collection of random vectors, all having the same1 2 n

number of elements. Suppose that these vectors are independently and
Ž . Ž .identically distributed i.i.d. as N �, � , where both � and � are unknown.

Consider testing the hypothesis H : �s� versus its alternative H : ��� ,0 0 a 0
where � is some hypothesized value of �. We need to develop a test0
statistic for testing H .0

The multivariate hypothesis H is true if and only if the univariate0
hypotheses

H � : ���s���Ž .0 0

Ž .are true for all ��0. A test statistic for testing H � is the following:0

'�� Xy� nŽ .0
t � s ,Ž . '��S�

nwhere XsÝ X rn and S is the sample variance�covariance matrix, whichis1 i
is an unbiased estimator of �, and is given by

n1
Ss X yX X yX �.Ž . Ž .Ý i iny1 is1

2Ž . Ž .Large values of t � indicate falsehood of H � . Since H is rejected if0 0
Ž .and only if H � is rejected for at least one � , then the condition to reject0

w 2Ž .xH at the �-level is sup t � �c , where c is the upper 100�% point0 � � 0 � �

w 2Ž .xof the distribution of sup t � . But� � 0

2� �n �� Xy�Ž .02sup t � s supŽ .
��S���0 ��0

�� Xy� Xy� ��Ž . Ž .0 0
sn sup

��S���0

y1sn e S Xy� Xy� � ,Ž . Ž .max 0 0

by Theorem 2.3.17.

Now,

y1 y1e S Xy� Xy� � se Xy� �S Xy� ,Ž . Ž . Ž . Ž .max 0 0 max 0 0

y1s Xy� �S Xy� .Ž . Ž .0 0

by Theorem 2.3.9.
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Hence,

2 y1sup t � sn Xy� �S Xy�Ž . Ž . Ž .0 0
��0

is the test statistic for the multivariate hypothesis H . This is called Hotelling’s0
T 2-statistic. Its critical values are obtained in terms of the critical values of

Ž .the F-distribution see, for example, Morrison, 1967, Chapter 4 .
Another example of using the extremum of a ratio of quadratic forms is in

the determination of the canonical correlation coefficient between two ran-
Ž . Ž .dom vectors see Exercise 2.26 . The article by Bush and Olkin 1959 lists

several similar statistical applications.

2.4.4. The Parameterization of Orthogonal Matrices

Orthogonal matrices are used frequently in statistics, especially in linear
Žmodels and multivariate analysis see, for example, Graybill, 1961, Chapter

.11; James, 1954 .
2 Ž .The n elements of an n�n orthogonal matrix Q are subject to n nq1 r2

constraints because Q�QsI . These elements can therefore be representedn
2 Ž . Ž .by n yn nq1 r2sn ny1 r2 independent parameters. The need for such

a representation arises in several situations. For example, in the design of
experiments, there may be a need to search for an orthogonal matrix that
satisfies a certain optimality criterion. Using the independent parameters of

Ž .an orthogonal matrix can facilitate this search. Khuri and Myers 1981
followed this approach in their construction of a response surface design that
is robust to nonnormality of the error distribution associated with the
response function. Another example is the generation of random orthogonal
matrices for carrying out simulation experiments. This was used by Heiberger,

Ž .Velleman, and Ypelaar 1983 to construct test data with special properties
Ž .for multivariate linear models. Anderson, Olkin, and Underhill 1987 pro-

posed a procedure to generate random orthogonal matrices.
Methods to parameterize an orthogonal matrix were reviewed in Khuri

Ž .and Good 1989 . One such method is to use the relationship between an
orthogonal matrix and a skew-symmetric matrix. If Q is an orthogonal matrix
with determinant equal to one, then it can be written in the form

QseT ,

Ž .where T is a skew-symmetric matrix see, for example, Gantmacher, 1959 .
The elements of T above its main diagonal can be used to parameterize Q.
This exponential mapping is defined by the infinite series

T 2 T 3
Te sIqTq q q ��� .

2! 3!
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The exponential parameterization was used in a theorem concerning the
asymptotic joint density function of the eigenvalues of the sample

Ž .variance�covariance matrix Muirhead, 1982, page 394 .
Another parameterization of Q is given by

y1Qs IyU IqU ,Ž . Ž .

where U is a skew-symmetric matrix. This relationship is valid provided that
Q does not have the eigenvalue y1. Otherwise, Q can be written as

y1QsL IyU IqU ,Ž . Ž .

where L is a diagonal matrix in which each element on the diagonal is either
Ž .1 or y1. Arthur Cayley 1821�1895 is credited with having introduced the

relationship between Q and U.
Ž .Finally, the recent article by Olkin 1990 illustrates the strong interplay

between statistics and linear algebra. The author listed several areas of
statistics with a strong linear algebra component.
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EXERCISES

In Mathematics

2.1. Show that a set of n�1 vectors, u , u , . . . , u , is always linearly1 2 m
dependent if m�n.

Ž .2.2. Let W be a vector subspace of V such that WsL u , u , . . . , u ,1 2 n
Ž .where the u ’s is1, 2, . . . , n are linearly independent. If v is anyi

vector in V that is not in W, then the vectors u , u , . . . , u , v are1 2 n
linearly independent.

2.3. Prove Theorem 2.1.3.

2.4. Prove part 1 of Theorem 2.2.1.

2.5. Let T : U™V be a linear transformation. Show that T is one-to-one if
and only if whenever u , u , . . . , u are linearly independent in U, then1 2 n
Ž . Ž . Ž .T u , T u , . . . , T u are linearly independent in V.1 2 n

2.6. Let T : R ™R be represented by an n�m matrix of rank �.n m

( ) w Ž .xa Show that dim T R s�.n

( )b Show that if nFm and �sn, then T is one-to-one.

Ž .2.7. Show that tr A�A s0 if and only if As0.

2.8. Let A be a symmetric positive semidefinite matrix of order n�n. Show
that v�Avs0 if and only if Avs0.

2.9. The matrices A and B are symmetric and positive semidefinite of order
n�n such that ABsBA. Show that AB is positive semidefinite.

2.10. If A is a symmetric n�n matrix, and B is an n�n skew-symmetric
Ž .matrix, then show that tr AB s0.

Ž .2.11. Suppose that tr PA s0 for every skew-symmetric matrix P. Show that
the matrix A is symmetric.
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2.12. Let A be an n�n matrix and C be a nonsingular matrix of order n�n.
Show that A, Cy1AC, and CACy1 have the same set of eigenvalues.

2.13. Let A be an n�n symmetric matrix, and let � be an eigenvalue of A of
multiplicity k. Then Ay�I has rank nyk.n

2.14. Let A be a nonsingular matrix of order n�n, and let c and d be n�1
vectors. If d�Ay1c�y1, then

Ay1c d�Ay1Ž . Ž .y1 y1Aqcd� sA y .Ž . y11qd�A c

This is known as the Sherman-Morrison formula.

2.15. Show that if A and I qV�Ay1U are nonsingular, thenk

y1y1 y1 y1 y1 y1AqUV� sA yA U I qV�A U V�A ,Ž . Ž .k

where A is of order n�n, and U and V are of order n�k. This result
is known as the Sherman-Morrison-Woodbury formula and is a general-
ization of the result in Exercise 2.14.

2.16. Prove Theorem 2.3.17.

2.17. Let A and B be n�n idempotent matrices. Show that AyB is
idempotent if and only if ABsBAsB.

2.18. Let A be an orthogonal matrix. What can be said about the eigenvalues
of A?

2.19. Let A be a symmetric matrix of order n�n, and let L be a matrix of
order n�m. Show that

e A tr L�L F tr L�AL Fe A tr L�LŽ . Ž . Ž . Ž . Ž .min max

2.20. Let A be a nonnegative definite matrix of order n�n, and let L be a
matrix of order n�m. Show that
( ) Ž . Ž . Ž .a e L�AL Ge A e L�L ,min min min

( ) Ž . Ž . Ž .b e L�AL Fe A e L�L .max max max

2.21. Let A and B be n�n symmetric matrices with A nonnegative definite.
Show that

e B tr A F tr AB Fe B tr A .Ž . Ž . Ž . Ž . Ž .min max
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2.22. Let Ay be a g-inverse of A. Show that
( ) ya A A is idempotent,
( ) Ž y. Ž .b r A G r A ,
( ) Ž . Ž y .c r A s r A A .

In Statistics

2Ž . Ž .2.23. Let ys y , y , . . . , y � be a normal random vector N 0, � I . Let y1 2 n n
and s2 be the sample mean and sample variance given by

n1
ys y ,Ý in is1

2nn1 Ý yŽ .is1 i2 2s s y y .Ý iny1 nis1

( )a Show that A is an idempotent matrix of rank ny1, where A is an
Ž . 2n�n matrix such that y�Ays ny1 s .

( ) Ž . 2 2b What distribution does ny1 s r� have?
2( )c Show that y and Ay are uncorrelated; then conclude that y and s

are statistically independent.

2.24. Consider the one-way classification model

y s	q� q
 , is1, 2, . . . , a; js1, 2, . . . , n ,i j i i j i

Ž .where 	 and � is1, 2, . . . , a are unknown parameters and 
 is ai i j
random error with a zero mean. Show that
( ) Ža � y� is an estimable linear function for all i� i� i, i�si i�

.1, 2, . . . , a ,
( )b 	 is nonestimable.

2.25. Consider the linear model

ysX�q� ,

Ž .where X is a known matrix of order n�p and rank r Fp , � is an
unknown parameter vector, and � is a random error vector such that
Ž . Ž . 2E � s0 and Var � s� I .n

( ) Ž .ya Show that X X�X X� is an idempotent matrix.
( )b Let l�y be an unbiased linear estimator of ���. Show that

ˆVar ��� FVar l�y ,Ž .Ž .
ˆ yŽ .where ���s�� X�X X�y.

Ž .The result given in part b is known as the Gauss�Marko® theorem.
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Ž .2.26. Consider the linear model in Exercise 2.25, and suppose that r X sp.
Ž .Hoerl and Kennard 1970 introduced an estimator of � called the

ridge estimator �*:

y1
�*s X�XqkI X�y,Ž .p

where k is a ‘‘small’’ fixed number. For an appropriate value of k, �*
provides improved accuracy in the estimation of � over the least-squares

ˆ y1Ž .estimator �s X�X X�y. Let X�XsP� P� be the spectral decomposi-
ˆtion of X�X. Show that �*sPDP��, where D is a diagonal matrix
Ž .whose ith diagonal element is � r � qk , is1, 2, . . . , p, and wherei i

� ,� , . . . , � are the diagonal elements of � .1 2 p

2.27. Consider the ratio

2x�AyŽ .
2� s ,

x�B x y�B yŽ . Ž .1 2

where A is a matrix of order m�n and B , B are positive definite of1 2
orders m�m and n�n, respectively. Show that

sup � 2se By1ABy1A� .Ž .max 1 2
x, y

wHint: Define C and C as symmetric nonsingular matrices such that1 2
C2sB , C2sB . Let C xsu, C ysv. Then � 2 can be written as1 1 2 2 1 2

2y1 y1u�C AC vŽ . 21 22 y1 y1� s s ��C AC � ,Ž .1 2u�u v�vŽ . Ž .

Ž .1r2 Ž .1r2where �sur u�u , �svr v�v are unit vectors. Verify the result
of this problem after noting that � 2 is now the square of a dot

xproduct.
Note: This exercise has the following application in multivariate analy-
sis: Let z and z be random vectors with zero means and variance�1 2
covariance matrices � , � , respectively. Let � be the covariance11 22 12
matrix of z and z . On choosing As� , B s� , B s� , the1 2 12 1 11 2 22
positive square root of the supremum of � 2 is called the canonical
correlation coefficient between z and z . It is a measure of the linear1 2

Žassociation between z and z see, for example, Seber, 1984, Section1 2
.5.7 .


